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ABSTRACT
STABILITY OF DISCRETE TIME TRANSFER MATRIX METHOD (DT-TMM)
by
VAHID ALIZADEHYAZDI

Chairperson: Professor Ryan Krauss

Large dynamic systems and flexible structures like long robot links with many degree
of freedoms are always challenging issues for engineers to model and control. These
structures can be modeled with some methods like modal superposition and numerical
integration.

The Transfer Matrix Method (TMM) is another method that can be used to model
large systems with a huge number of subsystems and flexible structures. The size of
matrices in transfer matrix models remain small regardless of the number of elements in
model. Having smaller matrix sizes helps us to have less computational expense leading
to a faster answer. Also, this method is very flexible, because it is possible for us to add
or eliminate one subsystem easily. The transfer matrix method like other methods has its
drawbacks. The TMM is limited to linear systems and can not be used for non-linear
ones. Moreover, this method just gives frequency-domain output and can not perform
time-domain simulation.

By combining TMM and numerical integration methods, we have a new method
which is called the Discrete-Time Transfer Matrix Method (DT-TMM). The DT-TMM
can model non-linear systems too. Time-domain output is another advantage of this

method. Two approaches are considered in this research to combine the TMM and
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numerical integration. The first approach is describing acceleration and velocity based on
the displacement. Another approach is using acceleration to calculate the velocity and
displacement. Also, different methods of numerical integration like Fox-Euler, Houbolt,

Park Stiffly Stable, Newmark Beta and Wilson € are studied in this research.
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CHAPTER 1

INTRODUCTION

These days, large systems with many subsystems and flexible structures (due to fast
response and lower weight) can be seen in many systems in industry. Also, in some
cases simultaneously we have flexible and rigid structures in a system. Modeling of rigid
elements in a system is not a challenging problem. By using flexible structures, engineers
are faced with new issues in modeling and controlling, such as the distributed nature of
these structures.

There are some ways that flexible structures and large systems can be modeled for
control design, such as modal superposition, numerical integration and the transfer matrix
method. Each of these methods has its benefits and drawbacks. In modal superposition,
eigenvectors and eigenvalues of the system matrix should be computed which requires a
lot of work. Also, modal superposition is based on the assumption of having proportional
damping.

Numerical integration is another way that can be used to model a system. Wilson
0, Newmark Beta, Fox-Euler and other numerical methods are the basis of this method.
Choosing among these methods depends on the accuracy, time steps and application.
The challenging problem in numerical integration method happens when we have a large
system with many degrees of freedom. It increases the size of matrices, so we need to do
a lot of computation.

Another way to model these structures is the transfer matrix method.

1.1 Problem Statement

The transfer matrix method is one of the method that can model flexible structures
and large systems easily. The size of matrices in the TMM is much lower than other

methods and depends on the number of states ,but does not depend on the number of
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elements. This method has some limitations. The transfer matrix method can model linear
systems using a Laplace transform. Also, we just have frequency domain output in this
method. By combining TMM and numerical integration method, we can have advantages
of these two methods in one package. This method is called discrete time transfer matrix
method (DT-TMM). DT-TMM has the benefits of numerical integration method which
are ability to model nonlinear system with time-domain output and advantages of TMM
which are low size of matrices and flexibility to add or eliminate subsystems easily.

The DT-TMM, like the numerical integration method, is sensitive to time steps and
based on choosing an integration method to use and accuracy of the response changes.This
research focus on the stability of the DT-TMM and how to increase the accuracy.

To reach this goal, two ways are investigated to add integration method to the TMM.
In the first way, acceleration and velocity are rewritten based on the displacement. In the
other step, displacement and velocity are rewritten based on the acceleration. For both of

mentioned approaches, different numerical integration methods were studied.

1.2 Software Design

This research is done using a programming language called Python. Python is a very
powerful and open source programming language which is simple and easy to learn. In
this research, four Python codes have been written. First, an ode code for a system
with arbitrary degrees of freedom was written. This code is used to compare with the
output responses of the DT-TMM method. Second code was written for the DT-TMM
method for one degree of freedom based on the displacement. The DT-TMM code based
on displacement for arbitrary degrees of freedom was written in third step.Finally, by
rewriting third code, new DT-TMM code for arbitrary degrees of freedom based on

acceleration was achieved.
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CHAPTER 2

LITERATURE REVIEW

Research on the transfer matrix method for flexible structures and large systems covers a
lot of manipulators and robotic systems. Due to the benefits of the transfer matrix method
(lower size of matrices, lower computation and flexibility to add or eliminate subsystems),
researchers have been trying to find some ways that can overcome its disadvantages.

In Matrix Methods in Elastomechanics book [1], Pestel explains different matrix
methods in elastomechanics. He introduces how to break up a large system into subsystems
with simple properties. Then, he discusses different methods to extract a matrix from
each subsystem. Pestel, tries to show the application of this method in real world and
industry, where a huge system is made from a lot of small subsystems.

In modeling, design, and control of flexible manipulator arms Book [2] explains how
to use transfer matrix method to model rigid robot links. Book considers four variables
(displacement, shearing force, moment and angle) to describe his system. Book et al.
[3, 4] show how to use the transfer matrix method to model and control a space shuttle
manipulator.

Krauss [5] uses the TMM to model the closed-loop response of a system. In his work,
a flexible robot with about five meters of arm is modeled based on the TMM. Also, a
software is designed to do the TMM analysis and use the output to control the system.
Actuator dynamics and its interaction were two challenging parts of modeling in his
research. Lateral displacement, rotation, bending moment and shearing force were chosen
to model the actuator. In designing a controller, he consider approaches like using Bode
plots and pole-placement.

The TMM can be used accurately where actuators and sensors have exactly the same

locations. However, in most of the cases, actuators and sensors do not have exactly the
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same position. This situation can affect the stability of the system. Krauss[6] study how
to use the TMM to model non-collocated systems.Kruass[7] explains how he uses Python
as a programming language to model a flexible robot based on TMM.

Another method to model flexible and large systems is transfer dynamic stiffness
matrix(TDSM). TDSM is a combination of dynamic stiffness and transfer matrix method.
TDSM is frequency dependent. Yu et al.[8] use TDSM to analyse a space structure with
Timoshenko beam theory and compared the results with FEM.

Tail shafts of ships which carry the propeller are flexible structures. Xiao-jun[9] could
model this important part of a ship with the transfer matrix method. Genetic algorithm
is the method she used to calculate natural frequency of the system.

Bin He et al[10] studied the natural vibration of a tree structure with TMM. A tree
structure is exactly like a real tree in the environment. It has some nodes and branches.
This structure is divided into two subsystems, chain subsystem, and branch subsystem.
Chain subsystem has one input and one output, however branch subsystem has one output
with one or more inputs. Transfer matrix for branch and chain subsystems are calculated
separately and after that these two matrices combine together to reach the final transfer
matrix.

Xiaoting Rui et al. [11] applied the TMM to model a hybrid linear multi-body system.
This method is called Multi-Body System Transfer Matrix Method (MSTMM).Their
method can be used to calculate eigenvalues,orthogonality of eigenvectors, dynamic
response and connected parameters of multi-body systems. Because of lower order of the
matrices in this method, the speed of computation is much faster than regular methods.
Also, to confirm the application of this method, they used MSTMM in a practical case.

Krauss et al.[12] modeled a robot with flexible and rigid links by using the finite
element method(FEM) and transfer matrix method(TMM). Flexibility of joints is a key

factorsthatstheyseonsidered in their research and by this consideration the output of the
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TMM and FEM is fairly close to the experimental outputs.Guo and Wu [13] present TMM
and FEM modeling of wave penetrating catamaran (WPC) to see which one gives better
results on mode shape and natural frequency. They conclude that FEM is a better way
for modeling of WPC compared with TMM.

Mihail et al.[14] use the TMM and Bessel’s functions to model a variable cross-section
beam(conical shape). Results show that combination of Bessel’s functions and transfer
matrix method gives more accurate answer compare with piecemeal TMM. Dokanish[15]
applies transfer matrix method with FEM to study the vibration of plates. To reach this
point, he divvied a plate to many strips with related mass and stiffness. State variables
in his research were displacement and internal force.

Zu and Ji [16] tried to to improve the TMM for a nonlinear system(Rotor-Bearing
System). To consider the effects of rotary inertia and shear deformation, Timoshenko
beam theory is used to model a shaft. Bearings are modeled by linear damping and
nonlinear springs. To solve non linearity of the bearing force, it is split in terms of space
and time.

Ellakany et al.[17] combine the TMM and analogue beam method to study the vibration
of a composite beam. In this study, the beam is divided into some subsystems. Each
sub-beam is supposed to behave based on the Bernouli-Euler beam theory. Also, shear
deformation is neglected in this research.

A lot of researchers try to improve the FEM method by incorporating the TMM.
To analyze displacement of large systems Ohga et al.[18] use tangent stiffness to apply
TMM. They show that this method works for long and thin structures. Bao Rong et
al[19] expand TMM and FE to compute the eigenvalues of flexible structures. To confirm
their method, they give some numerical examples.

Lee[20] introduce spectral TMM. Matrices in this method are derived from motion

equations:Gouplinggateral and torsional vibrations studied by Hsieha et al.[21] with the

www.manaraa.com



TMM. Euler’s angles show the orientation of the shaft and disk. Equations of motions
are derived from Hamilton’s Principle and Newton’s second law. In this research, transfer
matrices are calculated by the harmonic balance method.Horner and Pilkey[22] use Ricatti
in the TMM to speed up the calculations to half of the TMM. Rotating shafts are analyzed
by this method to confirm the applicability.

The Newton-Raphson method and the TMM were used by Huang and Horng [23]
to study torsional vibration of branched structures.They demonstrate this method for a
three free-end boundaries system.

Due to limitations of the TMM which are restriction on modeling non-linear systems
and frequency domain outputs, researchers use the TMM method and numerical integration
method at the same time and called it DT-TMM which means Discrete Time Transfer
Matrix Method. Kumar and Sankar[24]use the DT-TMM to have the advantages of
numerical integration and the TMM methods together. In this way, they reduced the
matrix sizes and could model non-linear systems. Also, they could show their results in a
time-domain system. In this research, acceleration and velocity were expressed based on
displacement. It is mentioned in their research that this method is very sensitive to time
steps, because of the sensitivity of the numerical integration method.

Xiaoting Rui et al[25] applied discrete time transfer matrix method to multi-body
system(MS-DT-TMM) to model multi rigid and flexible systems. This method is a
combination of TMM, DT-TMM, MS-TMM and numerical integration method. Also, X.
Rui et al[26] extended MS-DT-TMM for multi-flexible systems to model multi-rigid ones.
Moreover, FEM and MS-DT-TMM applied together to study multi-flexible systems.In
addition, they use MS-DT-TMM, multi-body systems method and Ricattit TMM to
extend modeling of multi-systems.

B. Rong et al.[27] expand the discrete time transfer matrix method to control a

controlledsmulti=bodyysystem. Flexibility and lower size of matrices are two parameters
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that speed up the calculations compared with other conventional methods. They design
state vectors and transfer matrices for an actuator, controlled elements, and feedback
elements. They compared the result of their method with conventional dynamics method
and the result was the same. In designing the controller, velocity was considered to use
in the feedback controller.

He,Wang and Rui[28] studied how using Ricatti in the DT-TMM can increase the
stability of the system. The DT-TMM and rotational springs helps to have dynamic
equations in this research. A beam considered as a lot of rigid bodies which are connected
together by rotational springs. k for the spring is calculated by FE. Due to numerical
error, one corrector method was used in this study. This corrector computes the transfer
matrix of elements and related Ricatti matrices and compares all the state vectors of each

node. Corrector continues this operation until requested accuracy is reached.
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CHAPTER 3

Introduction to State Vector and Transfer Matrix Method

Since the TMM method is the base of Discrete Time Transfer Matrix Method, in this

chapter TMM is explained in details for a simple two degree of freedom system.

3.1 State Vector

Sate vector at a point of an elastic system is a column vector which indicates the
displacement of the point and its internal force. The displacement in the upper and the

force in lower half of the column should be written.

x
For example in a simple mass and spring system the state vector is where

f

x: shows displacement
f: shows internal force
In a mass less shaft with disks displacement represented as the angle of twist (¢) and

force is the related torque (T). State vector for this system is
T

To have more accurate answer in a straight beam, displacement’s factors are deflection

(w) and slope (¢). Also, force’s factors are moment (M) and shear force (V). This state

w

(8

vector can be given by .
M

V

3.2 Transfer Matrix Method

After knowing state vectors for some usual systems in mechanics, let transfer matrix

method be introduced. The transfer matrix method which is usually called TMM is a

A system into the number of components.
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Figure 3.1: is a simple one degree of freedom mass-damper system which is exploded in

Figure 3.2: and as can be seen all internal forces and displacements described in details.

Figure 3.1: One degree of freedom mass-spring system

Exploded of above system can be seen in figure 3.2.

— —
I 1 Lo

k

Figure 3.2 : Exploded view of the one degree of freedom mass-spring system

As the spring is mass less,

fo=h (3.1)

fo=k(z1 — 20) (3.2)
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Ty = % + x9 (33)

(3.1) And (3.3) can be written in a matrix form:

T 1 1 T
= (3.4)
fi 0 1 |/fo
1 1
U, = F (3.5)
0 1

U, is the transfer matrix of the spring which transfer state vector from point 0 to
point1.

If the mass considered as a rigid body, for second part of our system can be written:

Tr1 = Ty (36)
Ja — fi = may (3.7)
By using Laplace transform
fo— fr =ms’xy (3.8)
fo=fi + ms*zy (3.9)

(3.5) And (3.9) can be written in a matrix form:

T 1 0f |z
Y= ' (3.10)

f2 ms? 1 f1
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Up = (3.11)

U,, is transfer matrix of mass .

Plugging in x; and f; from equation 3.4 gives

T 1L 0| |1 £ |=
2| _ BT (3.12)
fo ms? 1| [0 1| | fo
x 1 1 T
Y= 2’“ ’ (3.13)
f2 ms® E= 41 | fo
In a free response system
x9=0 (3.14)
f2=0 (3.15)
The above equation yield the results
x 1 1 0
| = 2’“ (3.16)
0 ms® =41 | fo
The first row gives
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The second row gives

(% +1)fo =0 (3.18)

Non-trivial solution for equation 15 gives

ms?

(T +1)=0 (3.19)

5= :I:j\/g (3.20)

The imaginary part of the solution is natural frequency.

In a forced response system which fo= F# 0 and o = 0 equation 3.13 can be written

x 1 i 0
= K (3.21)
F ms® =41 | fo
The first row gives
Jo
= 3.22
i) L ( )
The second row gives
ms>

If Equation 23 plugs in equation 22, transfer function for the system can be written

i) 1

F ms+k (3:24)
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Figure 3.3: shows a two-degree of freedom mass-spring-damper system with internal forces

However, Laplace transform is much easier way to reach the transfer function for this

system, but in complicated systems this method will help a lot.

To be more familiar with TMM, a forced two degree of freedom system will be

presented in below.

To X 1 Lo 1 X3 1 T4
1 1 1 1

25

A T T

000

000

F1 F2

000

900

000

000

25— NVN— —VW\—

4k k

7

s 1 2

900

700 my mo

900

0000

0000 1 1

0200

900 [ [

000

e c

s

1 2

00

900

000

900

000

000

000

S 77777777757727722997777797977077249 2777777 7977277277974477772772772772492 7777777

R Ay

A Ay

A

Figure 3.3: Two degree of freedom mass-spring-damper system

Exploded of the above system can be seen in figure 3.4.

As the spring s; and the damper d; are mass less

fo=hH

fi = k(@1 — x0) + 1 (@ — o)

By using Laplace transform

f1 = k)l(.Tl — xo) + cls(xl — .Io)

(3.25)

(3.26)

(3.27)
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v 1 )
1 1
— —
1 Lo 1 1
1 ! ~— m g
1 kl 1 fl 1 f2
1 1
Jo I_E_' S

— —
1 T3 1 Ty
1 Lo 1 T3
1 1 ~— e
I3 ma Jfa
1 kz 1
fa I_E_' /3

“ ® ©O

Figure 3.4: Exploded view of the two degree of freedom mass-spring-damper system

If equation 3.27 solves for x;

r1 =Ty + 3.28
R e (3.28)
Equation 3.25 and 3.28 gives
1
I (3.29)
fi 0 1 Jo
1 L
Uad, = | Mo (3.30)

0 1

Us1d; is the transfer matrix of spring s; and damper d; . For the next component

www.manharaa.com




15

Tl = T (3.31)
fo = fr=mud (3.32)
By using Laplace transform
fo= fi = mis’z (3.33)
fo=fi +mis’n (3.34)

Equation 3.31 and 3.34 can be written

To 1 0] |x1
= (3.35)
fa mys® 1| | fi
1 0
Uyt = (3.36)
mys® 1

U,,1 1s transfer matrix of mass my .

When external force does not apply on the last element, augmented transfer matrices
can play the role of injecting forces, moments, or displacements into the TMM matrices.
It means one extra column and row should be added to the transfer matrix. All added
elements are zero except the lower one on the diagonal which is 1.

ss transfer matrix will take the form
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1 0 0
Un=1ms? 1 0 (3.37)
0 01

e 0
Ud=10 1 0 (3.38)
0 0 1

An augmented forcing transfer matrix will be

10 0
Upr=10 1 —F (3.39)
00 1

When using augmented matrices, state vector should be in below form

Z=|f (3.40)

Now augmented matrices can be written for all components. Augmented spring/damper

transfer matrix for spring/damperl

1 kl—icls 0
Uadi=10 1 0 (3.41)
0 0 1
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Augmented mass transfer matrix for m;

1 00
Uni= |mys® 1 0 (3.42)
0 01

Augmented forcing transfer matrix for Fj

1 0 0
U= 1|0 1 —F, (3.43)
00 1

Augmented spring/damper transfer matrix for spring/damper2

i O
Updo=10 1 0 (3.44)
0 O 1
Augmented mass transfer matrix for mso
1 00
Un2=|mys® 1 0 (3.45)
0 01

Now, transfer matrix of the system can be achieved by multiplying all transfer matrices.

The order of multiplication is from end to first. If F5 =0 then

Usys = Un2Us242Ur1Up 1 Us1a1 (346)
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State vector of base is

Thase

Zbase - fbase (347)

State vector of end is

Tend

Zend = fend (348)

1

By applying boundary conditions which are

F.nd=0 (3.49)
Thase = 0 (3.50)
Base and end state vectors are

0
Zbase = fbase (351)

1

Lend

Zend = 0 (352)

1
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By having Uy,

Zend = Usystase (353)

Usys Can be written in this form

Ui Uy Uis
Usys = |Uy1 Uz Uss (3-54)
Usi Usy Uss

Plugging in Zeng ;Zpase and Ugys in equation 3.53

Lend Ui Ui Uiz 0
0 | = |Uar Usas Uss| | frase (3.55)
1 Us1 Usy Uss 1

Teng And fpese are unknown From line 2 of equation 3.55

U22fbase + U23 =0 (356)

—Uss

3.57
s (3.57)

fbase =

State vector of base is

Zbase = %2223 (358)
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By having Z,,.. , state vector of every point in the system can be obtained. For

instance, state vector for point 2 is

Z2 = Zml = UmlUsldlzbase (359)
Also, state vector of point 3 is
ZB = UstQUmlUsldIZbase (360)

Equations of 3.59 and 3.53 can be used to obtain transfer function x;/F and zy/F.

From equation 3.59

1 1 0 0] |1 klels 0 0
— —U.
fi] = |mus® 1 0[O 1 0f | 7= (3.61)
1 0 0 1] (0 0 1 1
From equation 3.61,% is equal
2
I maS” + C28 + kQ
== 5 (3.62)
From Equation 3.53, %2 is equal
Fs+ Fk
Lo _ Cfts+ IRy (3.63)

F P

where P is

mimese 84 + CoMy + CoMNoy + Clm2)83 + (k‘zmz + k‘lmz + k‘zml + 6102)82 + (]{3201 + ]{?162)8 + k‘lk'g

(3.64)
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For systems with low degree of freedom using TMM method is not reasonable, however
when the degree of freedom increases TMM can be much easier to model a system and
reach to transfer matrices.

As mentioned before, TMM has some limitations. TMM just can model linear systems
and its output is in frequency domain. Numerical integration comes to help us to overcome
these limitations. Combination of TMM and numerical integration method can solve
these issues. Thus, Modeling non-linear systems and time domain output are reachable
by applying DT-TMM method.DT-TMM will be introduce in the next chapter and its

output will be compared with newton method.
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CHAPTER 4

Introduction to Discrete Time Transfer Matrix Method(DT-TMM)

4.1 Why DT-TMM

As explained before in introduction and literature review, Because of the Transfer
Matrix Method limitations, researchers have been trying to modify TMM. TMM just can
model linear systems due to using Laplace transform. Also, its output is just frequency
domain. Omne the most effective method that engineers work on that is combining
TMM and numerical integration methods which is called discrete time transfer matrix
method(DT-TMM). This combination has the benefits of both methods. The order of
matrices in DT-TMM is like TMM which lead to lower computation and faster response.
Moreover, DT-TMM can model non-linear systems and has the ability to have time-
domain output due to using numerical integration method. Unfortunately, DT-TMM
inherits the drawback of numerical engineering which is sensitivity to time steps. Time
steps should be chosen in a way that have the lowest effects on the output. In this chapter
one degree of freedom and two degree of freedom systems will be explained in details by

this method.

4.2 DT-TMM for One Degree of Freedom System

State vector in DT-TMM method is exactly like TMM. In the following examples
the state vector is based on the displacement and internal force. One degree of freedom
system which contain mass, spring and damper can be seen in figure 4.1. It is divided to
3 parts which are

1-spring-damper

2-mass

3-force
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also, there are 3 nodes of xg, z1, T2

Kumar and Sankar [24] to combine the TMM method with numerical integration
method considered the velocity and acceleration in terms of displacement. In this way
there is no need to use Laplace transform which limit the TMM to linear systems.

Equations that Kumar and Sankar [24] used are in below

Tn(t;) = An(t:) (1) + Ba(t:) (4.1)

Tn(ti) = Du(ti)za(ti) + En(ti) (4.2)

These equations are linear based on the displacement.

As mentioned before in TMM, a system divided to some subsystems. Each subsystem
can be modeled by a mass-spring-damper system. Each subsystem is called station.
Subscript n is related to the location of the part and denote the number of subsystem.
For example, In figure 4.1, we just have one station (one degree of freedom), so in our
calculation n is equal one. To be more clear, in a two degree of freedom system n will be
equal one and two. Subscript ¢ show the related time step. For example, if we want to
show the response of the system during 1 second and time step is 0.1 second. Then, i can
be from one to ten. Moreover, n,j, station is composed of m,,, k, and ¢,. ¥, and 7, show
the velocity and acceleration of m,, .

A,, B,, D, and FE, are the coefficients of equations 4.1 and 4.2 which should be
calculated in each time step of DT-TMM. Depending on the numerical integration method,
these coefficients are different.

A, is the coefficient of z,, in equation 4.1 which is proportional to the square of the
time step inversely and is constant in each time step. For example A,, for Newmark

method is
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1

Depending on the numerical integration method B,, in equation 4.1 is a function of
the different parameters like displacement, velocity and acceleration in the same step time
or step times before. Also, it can be proportional to the square of the time step inversely.

For example B,, for Newmark § method is

B, [2(ti1) + ATi(t; 1) + (0.5 — B)AT?i(t;1)] (4.4)

~ BAT?
D,, is the coefficient of x,, in equation 4.2 which is proportional to the time step

inversely and is constant in each time step. For example D,, for Newmark § method is

v

Depending on the numerical integration method E,, in equation 4.2 is a function of
the different parameters like displacement, velocity and acceleration in the same step time

or step times before.For example F,, for Newmark 8 method is

Ep = @(ti1) + AT[(1 = 7)@(ti-1) + (750)] (4.6)

[ and v are constant numbers and depend on the accuracy and change of the accel-
eration in each time step. Foe example, if the acceleration change linearly in each time
step, = % and v = % They will be explained latter in details.

DT-TMM for one degree of freedom system will be explained in details. Complete

and exploded one degree of freedom mass-spring-damper system can be seen in next page
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8
<)
8
o

T2

Figure 4.1: One degree of freedom mass-spring-damper system

Figure 4.2: Exploded view of one degree of freedom mass-spring-damper system
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As the spring-damper is mass less

fo=11 (4.7)
force on the mass-spring is
Jo = k(z1 — x0) + (21 — ) (4.8)
And force equation for the mass is
fo— f1=may (4.9)
Since, the mass is rigid
To = T1 (410)

To combine numerical integration and TMM methods, equation 4.1 and 4.2 need to
be plugged in equations 4.8 and 4.9.

By plugging in 4.2 in 4.8

fo=fi=k(z:(t:) — zo(ts)) + c[(D1(ti)z1(t:) + Er(ti) — (Dolti)zo(ts) + Eo(t:))] (4.11)

Equation 4.11 can be written for x;

(Do + k)xo Jo c(Ey — Ey)
D k) Dt k) T (eDy k) (4.12)

nd 4.7 can be written in matrix form
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T (cD0+k) 1 c(Eo—El)
1 (cDi+k) (cDi+k) (cDi+k)
fil=1 0 1 0 (4.13)
1 0 0 1

Usq is DT-TMM transfer matrix for spring-damper which transfer state vectors from

(CDO+k) 1 C(E()—El)
(CDl +k) (CD1 +k) (CD1 +k:)
Usa = 0 1 0 (4.14)
0 0 1

In the mentioned one degree of freedom system, one station just exist, so Dy and Ej
are equal zero.
Equation 4.1 can be substitute in equation 4.9 to achieve DT-TMM transfer matrix

for mass m

This equation can be rewrite for f,

Equations of 4.16 and 4.10 can be written in matrix form
T 10 0 1
fal = |mAL 1 mBy| | fi (4.17)
1 0 0 1 1
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U,, is DT-TMM transfer matrix for mass which transfer state vectors from point 1 to

point 2.

1 0 O
0o 0 1

Matrix Uy for DT-TMM is same as TMM.

10 0
Up=10 1 —F (4.19)
00 1

Now by having transfer matrices for spring-damper, mass and force system transfer
matrix can be achieved. The method of multiplication of the matrices is exactly same as

TMM method and it starts from end point to start point.

Usys = UpUnUsq (4.20)

State vector of base is

Thase

Zba,se = fbase (421)

State vector of end is

Lend

Zend = fend (422)

www.manharaa.com




29

By applying boundary conditions which are

F...=0 (4.23)
Tpase = 0 (4.24)
Base and end state vectors are
0
Zyase = fbase (425)
1
Lend
Lend = 0 (4.26)
1
By having Uy,
ZLend = Usystase (427)
Usys Can be written in this form
Ui Ui Uss
Usys = |Uy1 Uiz Uss (4'28)
Usi Usy Uss

pase and Uy, in equation 4.27
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Tend Ui U Uis 0
0 = |Uy Uz Uss frase (4'29)
1 U1 Usy Uss 1

ZTend And fp,se are unknown From line 2 of equation 4.29

Us2 foase + U2z =0 (4.30)

—Uss
Uy

fbase = (431)

State vector of base is

0

Zbase = %22;’ (432)

1

By having Z,,.. , state vector of every point in the system can be obtained. For

instance, state vector for point 2 is

Zy = Zoy = UsUpnUsaZpase (4.33)

Also, state vector of point 1 is

Zl = Ustbase (434)

Now by having the initial conditions (zq and ), we can have the displacement of the

e and have a time-domain output.
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4.3 Pyhton Code for One Degree of Freedom DT-TMM

There are many programming languages that can be used to write DT-TMM code.
Python is the chosen language to write this code due its powerful packages and being
open-source. Python code for one degree of freedom system with mass, spring and damper

is explained in details below.

from scipy import *
import numpy

"""U"UDOF: Degree of Freedom(one mass, one damper, one spring
Usd: transfer matrix of spring / damper
Um: Transfer matrix of mass
Uf: Transfer matrix of applied force
Usys: Transfer matrix of the system
Usd=numpy.zeros((3,3))
Um=numpy.zeros((3,3))
Uf=numpy.zeros((3,3))
Usys=numpy.zeros((3,3))

Numpy is a powerful package for scientific calculation. It can prepare multi-dimensional
arrays for different purposes. To use this ability of Numpy, it is imported at the begining
of the program. Numpy.zeros creates 3 by 3 matrices for transfer matrices of mass,
spring-damper, force and system. It should be mentioned that location of items in python
matrices start from zero. It means, for example U,,(0,0) is the content of the cell which is

located in first row and column.
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Constatnt coefficients of Newmark Beta method"""""""""
beta = 1.0 / 6.0
gamma = 0.5

nuErnnURnn k IR INTR IR NIRRT

m: mass, : spring constant, c¢: damping coefficient, f: force
m=array([2.0])
k=array([12.0])
c=array([3.0])
f=array([1.0])

T=10
dt=.02
N = int(T/dt)

T: time, dt: time step , N: numebr of steps

mnrmnnnntdefining arrays of displacement, velocity and acceleration
x=zeros(N)

xdot=zeros(N)

xddot=zeros(N)

New-mark Beta is the integration method which is used here. Based on the explanation
which will be discussed later, 5=1/6 and « = 0.5 considered. In the next step, mass(kg),
spring constant(N/m), damping coefficient (N — Sec/m) and force(N) as the parameters
of the system imported. T is the duration that needs to be studied. dt is time step and is
one of the most important parameters that should be selected carefully to have the stable
response. By dividing T by dt, the number of steps achieved that is demonstrated by N.

As there are N steps to have response of the system during T, Zeros command creates
three N zero arrays function for displacement, velocity and acceleration. Python start
from zero to count items in arrays and matrices. Initial condition to investigate the system

is initial displacement and velocity. In this example, initial conditions are zero. It means

29 =0 (4.35)

o =0 (4.36)
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As zeros command used in this code, it means zy and Zy are equal zero and there
is no need to enter initial conditions. However, if initial conditions were not zero, after
definition of displacement and velocity by using zeros command, initial displacement

x(0,0) and velocity #(0,0) should be defined separately.

LB IRININININININ] DT—TMM LININIEIRI NI
for p in range(1,N):

In this step, for command is used to have N steps. For each step below stages need
to be done receptively.

1- A, B, D and E coefficients should be calculated.

2-Then, transfer matrices (Uy, Usq, Uy,) can be achieved by using coefficients of the
first step.

3- Transfer matrix for the whole system (Us,s) computed by multiplying mentioned
transfer matrices of step2.

4- Internal force of the base ( fpqse) can be reached by dividing —Us,s(1,2) by Usys(1, 1).

5- Displacement of the mass (z.,4) should be computed.

6- By having displacement, velocity and acceleration of the mass (ze¢nq) can be
calculated.

When displacement, Velocity and acceleration of the (z.,q) achieved for the first step
time, following mentioned step leads to have displacement, velocity and acceleration for

the next step time, and this loop can be continued till reaching step time N

""" Calculation of A,B,D and E coefficients for each time step

A = 1.0/(beta*dt**2)

B = -1.0/(beta*dt**2)*(x[p-1] + dt*xdot[p-1] + (©.5-beta)*dt**2*xddot[p-1])
E = xdot[p-1] + dt*((1.0-gamma)*xddot[p-1]+gamma*B)

D = gamma/(beta*dt)

Above code shows how to calculate A, B, D and E coefficients. In this code, Newmark

Beéta method tised:"'T6 have these coefficients, displacement, velocity and acceleration of
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the step before are needed.

""""Calculation of Um for each time step

for i in range(3):
for j in range(3):
if i==j:
Um[i][j]=1
Um[1][@]=m[@]*A
um[1][2]=m[@]*B

Here, two for loops and one if command are used to calculate transfer matrix of mass

(Un)-
"ttt Calciulation of Usd for each time step
for i in range(1,3):
for j in range(1,3):
if i==g:

Usd[i][j]=1
Usd[e][e]=(k[e]/(k[@]+c[0]*D))
Usd[@][1]=(1.8/(k[@]+c[@]*D))
Usd[@][2]=(-c[e]*(E)/(k[e]+c[@]*D))

In this step, D and E helped to have transfer matrix for spring-damper (Usy). Com-

pared with 4.13 Dy and Ej are zero, because there is a one degree of freedom system

which means we just have one station.
""""Calculation of Uf for each time step"""""
for i in range(3):
for j in range(3):
if i==j :
Uf[i][j]=1.@
Uf[1][2]=-f[e]

Mentioned code in above, creates transfer matrix for force (Uy).

nemmmttcalculation of Usys and Fbase for each time step

v=dot (Uf,Um)
Usys=dot(v,Usd)
Fbase= - Usys[1][2]/Usys[1][1]

As mentioned before, U, can be computed by multiplying transfer matrices from
end of the system to starting point. Matrix V' keep the values of multiplication of Uy by

Up, and then Uy, computed by multiplying V' by Usq. Then, fy,se calculated by dividing
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""" Calculation of x, xdot and xddot for each time step

x[p] = (Usys[@][1]*Fbase) + Usys[©][2]

xdot[p] = D*x[p]+E

xddot[p]=A*x[p]+B

Final step in loop for is computation of displacement, velocity and acceleration.
Displacement x.,4 can be achieved by using the first row of matrix 4.29. Velocity and

acceleration can be calculated by using equations 4.2 and 4.1 respectively.

""" Plotting the graph"""""
figure(1)

clf()

t = arange(0.0, T, dt)
plot(t,x)

plt.ylabel('x")
plt.xlabel('time")

show()

Final part of the code is drawing the displacement versus time graph.

In below, the step response of the system by DT-TMM method which is shown in
figure 4.1 can be seen in figure 4.3. Mass is two (kg), spring constant is twelve (N/m)
and damping coeflicient is three (N — Sec/m).

To compare the DT-TMM method with real output, another code is written which

show the response of the n degree of freedom system based on the newton law. This code

will be explained in the next chapter briefly.
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Figure 4.3: Step response of one degree of freedom mass-spring-damper system (DT-TMM)
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CHAPTER 5

ODE Integration of n Degree of Freedom System

To compare the result of the DT-TMM method, a Pyhton code is written for a system
with n degree of freedom (figure5.1) based on the ODE integration which will be explained
in details below. For this issue, odeint command used which a powerful command to
solve ordinary differential equation. Time step in odeint can be adjusted as the program

go along, which lead to much more accurate answer.

Inputs of this code are:

1- Degree of freedom of the system

2-Initial conditions (velocity ¢ and displacement x of the all masses)

3- Parameters of the system (masses, spring constants, damping coefficients and forces)

Output is response of the elements versus time.

Just to make the used procedure here clear, a two degree of freedom (figureb.2)
modeling is explaining.

Using the second newton’s law for the mg gives:

> > >
1 X I v Ty
1 1 1

00y

F F F

05 0 1 n

5 AAN— —AAA— AAM— - - - - - —AM—

A % 3

2777 n

i mo my M

5 n n n n

77— | - |

L L L i

10000 C C C

5 0 1 n

[AAAad

Figure 5.1: n + 1 degree of freedom mass-spring-damper system
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Figure 5.2: Two degree of freedom mass-spring-damper system

m()a?o + Co.’ﬁo + ko.’l?o + Cl(.'lfo — .’L’l) + k‘l(xo — .’171) =0 (51)

For the second mass (m;) can be written

mlx"l + cl(:zfl — .To) + kl(l’l — .To) = F (52)

Equations 5.1 and 5.2 can be rewrite in matrix form and is called matrix equation of

motion.

mo 0 1‘0 co+c —C l:() ]{30 + k’l —kl i 0
+ + = (5.3)
0 mi i"l —C1 C1 1:1 —kl kl T F

To use odeint command in Python, we should have a linear format like X = AX + B

which can be achieved By changing the variables
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New state spaces form are

Zo
T

T

€
T2

€3

Matrix equation 5.3 and equations 5.4 and 5.5 can be rewrite in below form

Zo 0 0 1 0 o 0
% 0 0 0 1| | 0 5.9
To _k%i-oh ;1—121 —c(;;;fl - X 0
_Z:g_ | :n—kll k1m1 —C1M clml_ _.'13'3_ _mil_
0 0 1 0
0 0 0 1
A= (5.9)
ko+k1 —_kl cotcr —C1
mo mo mo mo
_m_kll k1m1 —C1my; Ccimy
B = (5.10)
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A is 4x4 matrix that consist of four 2x2 matrices which are called Ay, Ay, A3 and

A4. The location these matrices can be seen in below

A A
A= " (5.11)
Ay A

Ay is a zero matrix. Aj is an identity matrix. A3 and A, are spring constant and
damping coefficient matrices respectively. A3 and A4 have same pattern. Now related code
will be explained briefly in below.

from scipy.integrate import odeint
import numpy

IRIN]]

Input of this program:

1:Degrre of freedom,

2:initial conditions,

3:array of m, array of k, array of ¢ ,and array of f

output of this program: response of last element versus time
(also can have response of each element versus time)"""

RN

DOF = Degree of freedom™""
DOF=2

RN

n=number of states"""
n= (2*DOF)

First, odeint command should be imported from scipy.integrate. Numpy is another
package that is needed in this code. We should have the number of degree of freedom,
initial conditions (displacement and velocity of all elements)and system parameters such
as masses, spring constants, damping coefficients and forces as inputs. n is the number of
States which is two times more than degree of freedom. For example, for a two degree of

freedom system, number of states (n) is equal four.
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""" x-dot = Ax+B

Matrix B is a n*1 matrix which shows applid force to elements

Matrix A is a n*n matrix which includes 4 matices(A1,A2,A3,A4) of DOF*DOF
A=[[A1, A2],[A3,A4]],

Al: a zero DOF*DOF matrix

A2: a I DOF*DOF matrix
A3: a K(Spring Constant) DOF*DOF matrix
A4: a C(Damper Constant) DOF*DOF matrix

A=numpy . zeros((n,n))
B=numpy.zeros((n,1))

""" m is the mass of the elements (kg)
m=array([2.90,3.0])

"""k is the stiffness coefficients (N/m)"""
k=array([20,15])

""" ¢ is the damping coefficients (N*s/m)

c=array([5,6])
"""f is the force applied to the element (N)

f=array([©,1])

As explained A and B are n by n and n by 1 matrices respectively and Numpy.zeros
define these matrices. In above, system parameters which include masses, spring constants,

damping coefficients and forces defined.

""" Calcaulation of matrix B

for i in range(DOF):
B[i][@]=0.0

for i in range(DOF,n):
B[i][®]=f[i-DOF]/m[i-DOF]

This part of code, describe matrix B. First half of this matrix is zero and the next

half present the applied forces on elements over related masses.
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Calculation of matrix Al

for i in range(DOF):
for j in range(DOF):
A[i][j]= o

Calculation of matrix A2

for i in range (DOF):
for j in range(DOF,n):
if j-i==DOF :
A[i][i]=1

This section shows the calculation of A; and A, matrices which shaped matrix A. A;

is a zero matrix and A, is an identity matrix.

Calculation of matrix A3

for i in range (DOF,n):
for j in range(DOF-1):
if i-j==DOF :
A[i][j]=-(k[3]+k[J+1])/m[1i-DOF]
A[(n-1)]1[(DOF-1)]=-k[(DOF-1)]/m[DOF-1]

p=DOF

q=1

for i in range (DOF-1):
Alp]lal=k[q]/m[p-DOF]
p=p+1
q=g+1

p=DOF+1

q=9

for j in range (DOF-1):
Alpllql=k[q+1]/m[p-DOF]
p=p+1
q=q+1

Next step is calculation of matrix A3 which related code is above. This matrix shows

the spring constant part of the matrix A.
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""" Calculation of matrix A4

for i in range (DOF,n-1):
for j in range(DOF,n-1):
if i==j :
A[i]1[j]=-(c[j-DOF]+c[j+1-DOF])/m[i-DOF]
A[n-1][n-1]=-c[DOF-1]/m[DOF-1]
p=DOF
q=DOF+1.0
for i in range (DOF-1):
Alp]lal=c[q-DOF]/m[p-DOF]
p=p+1
q=g+1
p=DOF+1
q=DOF

for j in range (DOF-1):
Alp][ql=c[q-DOF+1]/m[p-DOF]
p=p+1
q=g+1

The procedure to have matrix A, is exactly same as matrix As. However, this matrix
show the damping coefficient part of the matrix A. Complete code can be seen in the
second appendix.

The Out put of this code for mentioned two degree of freedom system in figure 5.3
with below parameters is: (mg = 2,m; = 3,ko = 20,k; = 15,¢9 = 5,¢; = 6, F = 1 and
with zero initial conditions)

To compare the response of the DT-TMM with odeint, the out put of two method for

one degree of freedom system mentioned in section 4 is shown in figure 5.4. The results

match each other which shows the accuracy of the DT-TMM method.
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Figure 5.3: Step response of two degree of freedom system (odeint code)
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Figure 5.4: Comparison of DT-TMM and odeint output for one degree of freedom system
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CHAPTER 6

Numerical Integration Methods in DT-TMM

6.1 Introduction

Most of the times differential equations do not have exact solution, so numerical
integration method is one way that a good approximation of the solution can be achieved.

There are two kind of numerical integration method first is explicit and another is implicit.

6.2 Explicit Method

Explicit is a straightforward method which means z,,; can be reached by having z,,.

To meke it claer let ’s have a simple example for below equation.

&= f(x,t) (6.1)

By dividing time t to N steps, At is time step and equation 6.1 can be rewrite into

discrete time format like below.

Tp = f(xn, 1) (6.2)

Suppose that the derivative approximation of step n is

. Tp+1 — Tp
— Tntl Zon 6.3
. At (6.3)

By plugging equation 6.3 in equation 6.2, we have

M = f(xn;tn) (64)
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(6.5)

Zp+1 can be reached by having x,,. It means by having initial conditions(x and &), an

approximation solution can be calculated at time t.

6.3 Implicit Method

Implicit is a backward method which is a little different from explicit method. The

difference is just in derivative approximation.

Suppose that the derivative approximation of step n is

s Tp—Tp—1
I T AL

By plugging equation 6.6 in equation 6.2, we have

Tp—Tp-1

At - f(xmtn)

Tp = Tp—1+ Atf(xm tn)

By re-indexing equation 6.8, we have following equation for =,

Tp+1 = Tn + Atf(xn—I—la tn—l—l)

To have x,,. 1, equation 6.9 should be solved for each step.

(6.7)

(6.9)
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6.4 Numerical Integration Methods of DT-TMM

To combine DT-TMM and numerical integration methods, five below numerical
integration methods are chosen to compare the results and choose the best.

1- Fox-Euler

2- Wilson Theat

3- Newmark Beta Method

4- Houbolt

5- Park Stiffly

These methods will be explained in details in following sections. In most of the these
methods, using Taylor series is the point that calculation started. Taylor series is in below

form.

w(t;) = x(ti_q) + ATa(ti1) + (AT?/2)E(t;_1) (6.10)
6.4.1 Foz-FEuler

In this method, acceleration #;,, supposed to be constant during each time step and is
equal acceleration at end point of related time step. This assumption leads to change in

equation 6.10 which is shown in following.

. AT?
Equation 6.11 can be rewrite in below form
.. 2 AT
il}(tz) = AT?2 [{E(tz) — 1’(ti_1) — Tx(tz_l)] (612)

To use this method in DT-TMM, equation 6.12 should be be in the equation 4.1

isplacement) format which is written again in below.
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Equation 6.12 is
. 2 2 i

A and B can be achieved by comparing 6.14 and 6.13

2
A= (6.15)
-2 .

There two left coefficients which should be computed for DT-TMM method. They are
D and E which express equation of velocity. We have below equation which gives us the

velocity when the acceleration is constant.

B(t;) = i (t)AT + d(t;_q) (6.17)

By substituting equation 6.12 in 6.17 we have.

i) = éx(ti) - é[m(ti_l) +AT#(t )] + (1) (6.18)

Equation 6.18 should be rewrite in equation 4.2 format which is shown below

T (t;) = Dy (t)z,(t;) + En(t;) (6.19)
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2 2

Which means
2
D = AT (6.21)
E= 2 t t(t 6.22
= —[Eﬂc( i—1) T @(ti-1)] (6.22)

The step response of two degree of freedom system in section 4 with mg = 2,m; =
3, kg = 20,ky = 15,¢9 = 5,¢4 = 6, F = 1 and zero initial conditions is compared with
DT-TMM method by using Fox-Euler and odeint code in figure 6.1. As can be seen,
they pretty match each other, however there are some area which responses are not same

exactly.

6.4.2 Newmark Beta

In Fox-Euler method we supposed that acceleration is constant. To have more accurate
answer, Newmark Beta method consider that acceleration change linearly in each time
step. Parameters § and v can be changed to have better answer for particular systems.

This method is based on Taylor series too. Taylor series for z;+; and is using.

T (t;) (6.23)

(6.24)
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----- odeint

0.16] 7N ~ - DTTMM - Fox Euler ||

0.14

T
-
|"'|l

0.12+ ! \ - . _
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0.10 i S

T
-
F
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time

0.08} i
D.06F !
poat !

0.02} ;

-

0.00 4 6 8 10

Figure 6.1: Comparison of DT-TMM Fox-Euler and odeint fot the two DOF system
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Coefficients of third derivative of above equations can be considered as [ and ~

A2T2fz}(ti) + (BAT?) % (t;) (6.25)

#(tiy1) = 2(t;) + ATi(t) + (YAT?) 1 (t;) (6.26)

If we assume that the acceleration change linearly between time steps we have

Equation 6.27 can be substituted in equations 6.26 and 6.25
2(tig1) = x(t;) + AT (t;) + (0.5 — B)AT?i(t;) + BATi(ti11) (6.28)
E(tipr) = @(t;) + (1 = 7)ATE(t;) + yATE(ti41) (6.29)

6.28 and 6.29 equations can be write in below form to have acceleration and velocity.

E(tiv) = (m)[ﬂc( i+1) —z(t:)] — (M—T)x( i) — (% — 1)i(t;) (6.30)
) 1 vy . 0 )
(tip1) = (M—T)[Sﬂ(tm) —xz(t;)] — (E — Da(t;) — AT(% — 1)i(t;) (6.31)

To use Newmark Beta method in DT-TMM, 6.30 and 6.31 equations should be rewrite
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" 1 1 : 2.
i) = (Gagm)eltin) — (R (elt) + ATE(t) + (0.5 = AT E(H)) - (6.32)

By comparing equation 6.32 and 4.1 we have

1

A= (m) (6.33)
1 . 2 ..
B = —(m)(x(tl) + ATE(t;) + (0.5 — B)AT=%(t;)) (6.34)
Equation 6.31 is
(ti11) = (Gaz)altin) + (1) + AT = 7)i(t) + 78] (6.35)
Comparison of 6.35 and 4.2 gives
g
D= GAT (6.36)
E =i(t;) + AT[(1 — v)Z(t;) + vB] (6.37)

Two degree of freedom system in section 4 is modeled again with Newmark Beta
method and the result can be comprised with odeint (figure 6.2). It is clear that the result
match each other (6 = ¢ , v =0.5)

[ and v can be changed based on the requested accuracy and stability of the system.

Some of these parameters can be seen in below.

Acceleration change linearly at each time step
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Figure 6.2: Comparison of DT-TMM Newmark Beta and odeint for the two DOF system
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0.18 . . : :

- - Beta=1/4
0.16 FAERN - Beta=1/6
i \ . Beta=1/8

T
-~
-

|

0.14
0.12 ! '\. s “h"‘h R

0.10} ! 7 ]

time

0.08 i :

0.06 - ! s

0.04 ! i

0.02} ; -

0.00 = .

Figure 6.3: Comparison of DT-TMM Newmark Beta for different

2- 5 =0,v=0.5: Acceleration is constant and is equal starting point at each time
step
3-0 = % , v = 0.5 : Acceleration is constant and is equal starting point till middle
of time step (&(¢;) : t; — t; + &L) and then change to acceleration of end point (#(t;41) :
ti+ S —tip1 )
1

4- B =7 ,v=0.5": Acceleration is constant and equal the average of acceleration at

#(ti+1)+2(t:) )

start and end point of time step ( 5

Step response of two degree of freedom system based on DT-TMM Newmark Beat
for different (8 is shown in figure 6.3. The results exactly match each other. However, in

ems the result will not be same exactly.
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/ ) iﬂﬂﬂ
Xetar
.

l L

t t+ AT t+ 6AT

L )

Figure 6.4: Wilson 6

6.4.3 Wilson Theta

Wilson © method is based on the assumption that acceleration change linearly between
to time. Figure 6.4 presents this description that acceleration change from time ¢ to
t + OAT linearly when 6 > 1.

From time t to t + OAT we can have

Tiypr = Ty + W(HCH-QAT — y) (6.38)

Taking the integration for equation 3.8 gives the velocity and displacement of the

System.

7_2

fi7t+7- = Ii?t + fl'?tT + W({i‘t-l-HAT — :'Z'Tt) (639)
S e FRNLA ) (6.40)
+r =T T+T 2£Et7' G6OAT t+0AT t .
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By plugging 7 = §AT in above equations we have

OAT
2

TipoAT = Ty + (@ + Teroar) (6.41)

62 AT?

',-l:t+9AT = Tt ‘I‘ HATxt + (21,'15 + ii‘t—f-eAT) (642)

Acceleration and velocity can be achieved from equations 6.42 and 6.41, also to use

Wison 6 in DT-TMM method they should be written in equation 4.1 and 4.2 format.

.. 6 6 6
T+ AT = —92AT2 Te4+0AT — 2AT? Ty — ONT

iy — 2y (6.43)

. 3 3 OAT .
Tir0AT = AT THHOAT = gt = —5— T = 22, (6.44)

By comparing equations 6.43 and 6.44 coefficients A, B, D and E can be reached.

6 6 . .
B = —HQAT2.T,5 - QATxt - 2xt (646)
3
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Figure 6.5: Comparison of Wilson # with different 6 with odeint

3 OAT

When 6 = 1, Wison 6 method is same as Newmark Beta method when g = % and

v =0.5.
Comparison of DT-TMM Wilson é with different and odeint for two degree of freedom

system can be seen in figure 6.5.

6.4.4 Houbolt

Houbolt method is a implicit method which displacement of two step before is necessary.

an be written based on the Taylor series
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. AT? . ATS ...
2y = Tipar — ATy o + 5 Ltrar =~ TiAr (6.49)
. 2AT)? . 2ATH? ...
i AT = Tepnr — 20T T4 A7 + ( 5 ) Tt+AT — ( 6 ) Tty AT (6.50)
. 3AT)? . 3AT) ...
Ty_oar = Tpgpar — SAT Ty a7 + ( 5 ) Typar — ( 5 ) Ty AT (6.51)

By solving above equations for velocity and acceleration we have

. 1
Ti b AT = 6A—T(11$t+AT — 182 + 92t AT — 2$t—2AT) (652)

TipAT = ﬁ(sz—AT — 5xy + 4T AT — Ti_oAT) (6.53)

BY comparing equations 6.52 and 6.53 with equations 4.1 and 4.2 coefficient of
DT-TMM method (A, B, D and E) can be calculated.

2
A= (6.54)
p— (52, — 4 -+ ) (6.55)
= AT? Lt Lt—AT Lt—2AT :
11
= AT (6.56)
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0.18 | | DOF=2 | |

----- odeint
0.16 LN — - Houbolt |
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time
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Figure 6.6: Comparison of Houbolt and odeint for the two degree of freedom system

-1

F=5ar!

18$t - gmt_AT + 2$t_2AT) (657)

Since we need to have two steps before in Houbolt method, Other method like Newmark
Beta or Fox-Euler which do not need to have steps before can be used in just first two
steps. In this research, Newmark Beta is used to have the data for first two steps. In
figure 6.6, step response of Houbolt and odeint for two degree of freedom system compared

together. The result match each other.
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6.4.5 Park Stiffly Stable

This method is good one for low frequency systems which will be explained in below.
This method is implicit one that need to have two steps before, so Newmark Beta is used
for two first steps. Park Stiffly Stable is the average of two below equations which is

derived from Houbolt method.

) 1

T+ AT = 6A—T(11.Tt+AT - ].8.Tt + 9$t_AT - 2.Tt_2AT) (658)
. 1
Tip AT = W(QLI‘)H_AT — 4z, + LIZ‘t_AT) (659)

Average of these equations gives

) 1
T AT = GA—T(lo.Z'H_AT — 152y + 624 A7 — -Tt—ZAT) (660)

By taking the derivative acceleration can be reached

.. 1 . . ) .
Ti+AT = GA—T(mxHAT — 158y + 62— a1 — T4—2aT) (6.61)

Equation 6.60 substitute in equation 6.61 to have

10

T AT = 36AT2 —15&; + 6% AT — Tt—2AT)

(]_O,CUt_;,_AT - 15()’)t + 6xt—AT — xt—2AT) + 6A—T(
(6.62)

To use Park Stiffly stable method in the DT-TMM, by comparing equations 6.62 and

and 4.2 we have
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Figure 6.7: Comparison of Park Stiffly Stable and odeint for the two degree of freedom

system
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100
~ 36AT2 (6.63)
—10 . . .
= 36AT2 (=152 + 624 a1 — T-2a7) + —GAT(—lfwt + 63 AT — Tt—aar)  (6.64)
10
T 6AT (6.65)
B = Gag (710w + 62i-ar — 21 2a7) (6.66)

Figure 6.7 shows the accuracy of Park Stiffly stable method compared with odeint for
two degree of freedom system. As told before, for first two steps, Newmark Beta used.
Result shows that two graphs match each other accurately.

To compare all the methods in one huge system, a 15 degree of freedom system which
studied by kumar and Sankar[24] investigated. For this issue, a Python code based on
the DT-TMM for n degree of freedom system is written which will be explained in next
chapter briefly. The digression of each method can be seen by comparing with odeint.

These systems is just mass- spring without damper. Related parameters is in table 6.1

Station | Mass(kg) K (N/m) F(IN) Xg Xy
1 10 35000 0 0 0
2 9 50000 ] ] 0
3 8 45000 0 0 0
4 7 40000 0 0 0
5 6 40000 0 0 0
[] 6 35000 ] ] 0
7 55 30000 0 0 0
8 5 25000 0 0 0
9 4.5 20000 0 0 0

10 4 15000 0 0 0
11 35 10000 ] ] 0
4 9000 0 0 0

25 8000 0 0 0

2 7000 0 0 0

2 6000 1 ] 0
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Mass-Spring-Damper-System

0.0018 . T
— odeint
0.0016 —  Newmark Beta 1
— Houbolt
0.0014 + — Park Stiffly Stable |
Wilson Theta
0.0012} Fox-Euler 1
0.0010 | |
[1}] _,
E '/
= i
~ 0.0008 |- A ]
0.0006 |- |
0.0004 + |
0.0002 | i
0.0000 ' L L L L ! !
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 6.8: Step response of 15 DOF system with different DT-TMM method

Table 6.1: Parameters of the system (DOF=15)
The closest answer belong to Newmark Beta. Now, Trying to find Best 5 and v to
have more accurate answer.
When g = %, we have more accurate response which means Acceleration is constant
and is equal starting point till middle of time step (#(t;) : t; — t; + L) and then change

to acceleration of end point (Z(t;11) : t; + % —tip1 )
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Mass-Spring-Damper-System

0.0016 | T T
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Figure 6.9: Step response of the 15 DOF system based on Newmark Beta for different 3
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CHAPTER 7

New Approach Based on the Acceleration for DT-TMM

7.1 One Degree of Freedom System

In this section a new approach which is based on the acceleration instead of displace-
ment is studied. State vector in this method is based on the acceleration and internal force.
New DT-TMM method for one degree of freedom system (figure 7.1) will be explained to
make it clear.

Below equations show displacement and velocity in terms of acceleration

Zn(t;) = An(t;)in(t) + Ba(t:) (7.1)

These equations are linear based on the acceleration. Subscript n is related to the
location of the part and denote the number of subsystem. Index ¢ show the related time
step. Moreover, ny, station is composed of m,,, k, and ¢,. 2, and z;,, show the velocity
and acceleration of m,, .

A,, B,, D, and E, are the coefficients of equations 7.1 and 7.2 which should be

calculated in each time step based on the related numerical integration method.

As the spring-damper is mass less

fo= /1 (7.3)
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8
<)
8
o

T2

Figure 7.1: One degree of freedom mass-spring-damper system

Figure 7.2: Exploded view of One degree of freedom mass-spring-damper system
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force on the mass-spring is

fo=k(z1 — x0) + c(2) — 2o) (7.4)

And force equation for the mass is

J2— f1 = may (7.5)

Since, the mass is rigid

To =T (7.6)

To combine numerical integration and TMM methods, equation 7.1 and 7.2 need to
be plugged in equations 7.4.

By plugging in 7.1 and 7.2 in 7.4

fo=fi= k[Di(t:))@1(t:) + Ei(t:) — Do(ti)Zo(t:) — Eo(ti)] + c[Ax(t:)Z1(t:)

+B1(ti) — Ao(ts)Zo(t:) — Bo(ts)]

(7.7)

Equation 7.7 can be written for x

. _ S kDo(t;) + cAo(t:) .. k(Eo(ti) — Ev(t:)) + c(Bo(ti) — Bi(t))
i1 (t;) = + Fo(t;) +
(7.8)
Equations of 7.8 and 7.3 can be written in matrix form
. kDo (t;)+cAp(t; k(Eq(t;)—FE1(t;))+c(Bo(t;)—Bi(t; i --- ]
#1(t:) k'D(l]Eti;'f‘CA(;gti; le(ti)-li-cAl(ti) el lei(tz))-FcE‘l;éi)) e Zo(t:)
1 0 fo (7.9)

0 1 1

www.manharaa.com




69

Usq is DT-TMM transfer matrix for spring-damper which transfer state vectors from

point 0 to point 1.

EDo(t;)+cAo(t;) 1 E(Eo(ti)—E1(ti))+e(Bo(ti)—Bi(ti))
kD1 (ti)-l—cAl (tz) kD1 (ti)-l—CAl (tz) kD1 (ti)—l-cAl (tz)
Usa = 0 1 0 (7.10)
0 0 1

In the mentioned one degree of freedom system (figure 7.1), one station just exist, so
Dy and Ej are equal zero.

From equation 7.6 we have

i = i (7.11)

Equation 7.11 and 7.5 can be written in matrix form

i 10 o] |#
fol = |m 1 0| [ fi (7.12)
1 0 0 1 1

U,, is DT-TMM transfer matrix for mass which transfer state vectors from point 1 to

point 2.

1 00
Un=1m 1 0 (7.13)
0 0 1

Matrix Uy is same as before.
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10 0
U=101 —F (7.14)
00 1

Now by having transfer matrices for spring-damper, mass and force system transfer
matrix can be achieved. The method of multiplication of the matrices is exactly same as

what we had before and it starts from end point to start point.

Usys = UfUmUsd (715)

State vector of base is

Thase

Zbase - fbase (716)

State vector of end is

L‘I}end
Zend - fend (717)

1

By applying boundary conditions which are

Fong =0 (7.18)

Fpase = 0 (7.19)
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Base and end state vectors are

0
Zyase = fbase (720)
1
fi‘end
Zend = 0 (721)
1
By having Uy,
Zend - Usystase (722)
Usys Can be written in this form
Ui Ui Uss
Usys = Ui Uz Uss (7-23)
Usi Usy Uss

Plugging in Zeng ;Zpase and Ugy, in equation 7.22

Tend Ui Ui Uis 0
0 = |Ua1 Uz Uss frase (7'24)
1 Ui Usy Uss 1

Teng And fpese are unknown From line 2 of equation 7.24

U22fbase + U23 =0 (725)
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—Uss
U22

fbase = (726)

State vector of base is

Zpase = | =2z (7.27)

Ua2

1

By having Z.s. , state vector of every point in the system can be obtained.
Now by having the initial conditions (zo , Zy and #y), we can have the displacement

of the system during the time and have a time-domain output.

7.2 Numerical Integration of New Method

A,, B,, D, and E, are the coefficients of equations 7.1 and 7.2 which should be
calculated in each time step based on the related numerical integration method. In below

approaches to calculate coefficients will be explained in details.

7.2.1 Fox-Euler

Fox-FEuler is based on the Taylor series and the assumption that the acceleration x;, is

equal to acceleration at end point during each time step. Taylor series give below equation

St (7.28)

Comparison of this equation and equation 7.2 gives coefficients D and FE.

_AT?
2

D

(7.29)
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Mass-Spring-Damper-System
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Figure 7.3: Comparison of Fox-Euler DT-TMM based on acceleration and displacement

with odeint
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We have below equation which gives us the velocity when the acceleration is constant.

#(t) = #(t)AT + @(ti_1) (7.31)

This equation is like equation 7.1 when

A=AT (7.32)

B =i(t;_1) (7.33)

Graph 7.3 shows the comparison of DT-TMM based on acceleration and displacement
with odeint. As can be seen the result of DT-TMM for acceleration and displacement is

same.

7.2.2 Newmark Beta

Newmark Beta method consider linear change of acceleration in each time step. We

have below equations for this method which give us velocity and displacement.

z(tip1) = x(t;) + ATz (t;) + (0.5 — B)AT?i(t;) + BAT?%(tiy 1) (7.34)

tiv1) = @(t;) + (1 — 7)ATE(t;) + yATE(tir1) (7.35)
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Figure 7.4: Comparison of Newmark Beta DT-TMM based on acceleration and displace-

ment with odeint
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Comparing these equations with 7.1 and 7.2 equations gives the DT-TMM coefficients.

D = BAT? (7.36)

E = z(t;) + ATi(t;) + (0.5 — B)AT?i(t;) (7.37)
A=~A (7.38)

B =(t;) + (1 — 7)ATi(t;) (7.39)

Figure 7.4 shows the comparison of DT-TMM based on acceleration and displacement
with odeint for Newmark Beta when § = %. The result of DT-TMM for acceleration and

displacement is same.

7.2.3 Wilson 0

Wilson 6 method is based on the assumption that acceleration change linearly between

to time. Below equations gives the velocity and displacement.

_ . 9AT . .
TirogAT = Tt + 9 (1’,5 -+ 3775+0AT) (740)
2 2
Typgar = Ty + 0AT T, + (2%, + Z119aT) (7.41)

wtions 7.40 and 7.41 coefficients A, B, D and E can be reached.
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0.0014 T — - Theta=0.9 (Displacement) f
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Figure 7.5: Comparison of Wilson § DT-TMM based on acceleration and displacement

with odeint when 8 = 0.9
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I I
- Theta=1.03 (acceleration)

— odeint
— - Theta=1.03 (Displacement)

0.0015 , | Mals_f"_"s."j_.r,',?g"fl?m??r?ys'fem

0.0010

0.0005

time

0.0000

_0.0005 I | I | I | I :-‘::
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 7.6: Comparison of Wilson § DT-TMM based on acceleration and displacement

with odeint when 6§ = 1.03
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P (7.42)
2
AT
B—i+ 2T, (7.43)
2 2
p- AT (7.44)
6
2AT2

Below graph show the comparison of odeint with DT-TMM based on the acceleration
and displacement for Wilson fr when 6 = 0.9. As can be seen, the output based on
displacement is more accurate. Figure 25 shows that Wilson € based on the acceleration

for § > 1 is unstable.

7.3 Pyhton Code for n Degree of Freedom with New Approach of DT-TMM

Below code shows the calculation of A, B, D and FE for Fox-Euler, Newmark Beta

and Wilson .
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if Method==2:
for n in range(DOF):
A[n+1] = (dt*theta)/2.0
B[n+1] ((dt*theta)/2.8)* (xddot[n][p-1]) + xdot[n][p-1]
E[n+1] = (((dt**theta)**2}/3.8) * (xddot[n][p-11)
+ (theta*dt * wdot[n][p-11)+x [n][p-1]
D[n+1] = {{dt**theta)**2)/6.0

if Method==1:
for n in range(DOF):
A[n+1l] = dt
BE[n+1l] = xdot[n][p-1]
E[n+1] = x[n][p-1] + (dt * xdot[n][p-1]1)
D[n+1] = (dt**2)/2
if Method==2:
for n in range(DOF):
Aln+1] = gamma*dt
B[n+l] = ®xdot[n][p-1] + dt*{1-gamma)*xddot[n][p-1]
E[n+1l] = x[n][p-1] + dt*xdot[n][p-1]

+ (8.5 - beta) * xddot[n][p-1] * (dt**2)
D[n+1] = beta*(dt**2)

New transferee matrices (Uy, Usq and U,,) based on the acceleration calculated with

python as following

for n in range(DOF):
for 1 in range(3):
for j in range(3):
if i==7:
Um[i][§]=1.@
Um[1][@]=m[n]

for 1 in rangs(1,3):
for j in range(l1,3):
if d==j:

Usd[1][]]=1
Usd[@][8]=(k[n]*D[n]+c[n]*A[n]}/(k[n]*D[n+1]+c[n]*A[n+1])
Usd[@][1]=(1.8/(k[n]*D[n+1]+c[n]*A[n+1]))

Usd[@][2]=
(c[n]*(B[n]-B[n+1]1)+k[n]*(E[n]-E[n+11}) / (k[n]*D[n+1]+c[n]*A[n+1]}

for 1 in range(3):
for j in range(3):
if i==7 :
Uf[1i][]j]=1.@
UF[1][2]=-F[n]
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CHAPTER 8

CONCLUSION

8.1 Conclusion

In this research, new methods for modeling and controlling large systems with a lot of
subsystems and flexible structures studied. There are many ways that mentioned systems
can be modeled, but each of them has its benefits and drawbacks.

The Transfer Matrix Method which is called TMM is one of these methods that
that is very efficient to model large structures. TMM reduces the size of matrices which
results in fewer computation. Also, it is easy to add or eliminate one subsystem to our
system without any issues. TMM like any method has its limitations which decrease its
application. This method just perform frequency domain output, since it is not possible
to have time-domain response of the system. Moreover, due to using Laplace transform,
it can not model non-linear systems.

To overcome the drawbacks of TMM, numerical integration method can be combined.
This new method is called Discrete Time Transfer Matrix Method (DT-TMM). By using
DT-TMM, real response of the system during the time can be achieved. In this way, we
can have time-domain output. Also, non-linear systems can be modeled by DT-TMM.
It should be mentioned that DT-TMM has the benefits of TMM at the same time. It
means, DT-TMM has low size of matrices, fewer computation and flexibility too. There
are some numerical integration methods can be combined with TMM which some of them
studied in this research. Every numerical method has different accuracy which depends
on some factors like time step.

In chapter 3, state vectors and transfer matrix method is introduced. A one and two
degree of freedom modeled in this chapter to make the procedure clear.

Chapter 4, talks about the DT-TMM method. In this chapter, One degree of freedom
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mass-spring- damper system modeled with DT-TMM method. To have TMM and
numerical integration method simultaneously, acceleration and velocity described in terms
of displacement. Also, DT-TMM Python code for one degree of freedom explained in
details.

To compare the output of DT-TMM with a real system, in chapter 5, a Python code
is written for a system with n degree of freedom based on the ODE integration. The
algorithm of this code explained. The output of DT-TMM and ode integration matched
each other which shows the accuracy of the DT-TMM method.

In chapter 6, different numerical integration methods which can be used in the DT-
TMM investigated. Fox-Euler, Wilson theat , Newmark Beta, Houbolt and Park Stiffly
stable are the method which studied. Coefficients of the DT-TMM based on acceleration
calculated for each method and response of a two degree of freedom system compared
with ode integration for each of them. To have more accurate comparison, a 15 degree
of freedom which was studied by Kumar and Sankar [24] with time duration 0.8 second
studied for all five numerical methods. Newmark Beta when § = % and v = % has the
most accurate response.

At the end, in chapter 7, a new approach which is based on the acceleration instead
of displacement is studied. In this new method, velocity and displacement described
based on the acceleration. Fox-Euler, Wilson theat , Newmark Beta are the numerical
methods which studied in this way. Results show that Newmark Beta is more accurate
and stable with this approach. Also, output of Newmark Beta when using acceleration and

displacement is same. However, the result for Fox-Euler and Wilson theat are different.

8.2 Future Work

As is shown, the DT-TMM is an efficient and accurate method that can be used in
modeling of different systems. However discretizing is an issue in this way which may be

lead to instability.

www.manaraa.com



83

DT-TMM because of the numerical integration method is very sensitive to time step,
especially in complicated systems. Finding a way to decrease this problem is a very
interesting topic that can be studied in the future. Also, there are other methods that

their compatibility with TMM needs to be studied.
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APPENDIX A

DT-TMM (One Degree of Freedom)

Created on Sun Feb 21 13:14:22 2816

{@author: Vahid Alizadehyazdi

from scipy import *
import numpy

""DOF: Degree of Freedom(one mass, one damper, one spring
Usd: transfer matrix of spring / damper
Um: Transfer matrix of mass
Uf: Transfer matrix of applied force
Usys: Transfer matrix of the system
Usd=numpy.zeros((3,3))
Um=numpy.zeros((3,3))
Uf=numpy.zeros((3,3))
Usys=numpy.zeros((3,3))

mrmnttConstatnt coefficients of Newmark Beta method™™™™"""""
beta = 1.8 / 6.9
gamma = 0.5

R R TN TR TR k- W mEn

m: mass, spring constant, c¢: damping coefficient, f: force
m=array([2.8])

k=array([12.8])

c=array([3.08])

f=array([1.08])

memmmmwneT. time  dt: time step , N: numebr of steps ""TTTeRe
T=18

dt=.02

N = int(T/dt)

nnmmmnnttdefining arrays of displacement, velocity and acceleration o —m—
x=zeros (N)

xdot=zeros(N)

xddot=zeros(N)

mamwmnaan DT TMM  meemmmews
for p in range(1,N):

o

"mmt Calculation of A,B,D and E coefficients for each time step

A = 1.8/(beta*dt**2)

B = -1.8/(beta*dt**2)*(x[p-1] + dt*xdot[p-1] + (©.5-beta)*dt**2*xddot[p-1])
E = xdot[p-1] + dt*((1.@-gamma)*xddot[p-1]+gamma*B)

D = gamma/(beta*dt)

o

""""Calculation of Um for each time step
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for i in range(3):
for j in range(3):
if i==j:
Um[i][j]=1
Um[1][@]=m[B]*A
Um[1][2]=m[B]*B

"rrtMCalciulation of Usd for each time step™""""
for i in range(1,3):
for j in range(1,3):
if i==j:

Usd[i][j]=1
Usd[@][e]=(k[@]/(k[@]+c[8]*D))
Usd[@][1]=(1.@/(k[@]+c[@]*D))
Usd[@][2]=(-c[@]*(E)/(k[8]+c[@]*D))

""""Calculation of Uf for each time step"""""
for i in range(3):
for j in range(3):
if i==j :
Uf[i][j]=1.@
Uf[1][2]=-f[@]

"mrmttCalculation of Usys and Fbase for each time step”™"
v=dot(Uf,Um)
Usys=dot(v,Usd)
Fbase= - Usys[1][2]/Usys[1][1]

" Calculation of x, xdot and xddot for each time step”™"""

x[p] = (Usys[@][1]*Fbase) + Usys[@][2]
xdot[p] = D*x[p]+E
xddot[p]=A*x[p]+B

""" Plotting the graph"""""

figure(l)

clf()

t = arange(@.8, T, dt)

plot(t,x)

plt.ylabel( 'x")

plt.xlabel( time")

show()
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APPENDIX B

ODE Integration (n Degree of Freedom)

Created on Sun Feb 14 21:59:84 2816

@author: wvalizad

from scipy.integrate import odeint

import numpy

import pylab

"""Input of this program:

1:Degrre of freedom,

2:initial conditions,

3:array of m, array of k, array of c ,and array of

output of this program: response of last element versus time
(also can have response of each element versus time)"™"

" DOF = Degree of freedom"""
DOF=1

" p=number of states"""
n= (2*DOF)

"t ox-dot = Ax+B

Matrix B is a n*1l matrix which shows applid force to elements
Matrix A is a n*n matrix which includes 4 matices(A1,A2,A3,84) of DOF*DOF
A=[[A1, A2],[A3,A4]],

Al: a zero DOF*DOF matrix

A2: a I DOF*DOF matrix

A3: a K(Spring Constant) DOF*DOF matrix

A4: a C(Damper Constant) DOF*DOF matrix

A=numpy.zeros({n,n))

B=numpy.zeros((n,1))

" m is the mass of the elements (kg)"""

m=array([2.8])

k is the stiffness coefficients (N/m)™""
k=array([12])
¢ is the damping coefficients (N*s/m)"""

c=array([3])
"""f is the force applied to the element (N)"""

f=array([1])

" Calcaulation of matrix B """

for i in range(DOF):
B[i][@]=0.0
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for 1 in range(DOF,n):
B[i][@]=f[i-DOF]/m[1i-DOF]

" Calculation of matrix A1"""

for 1 in range(DOF):
for j in range(DOF):
A[i][j]=®

" Calculation of matrix A2"""

for i in range (DOF):
for j in range(DOF,n):
if j-i==DOF :
A[i][3]=1

Calculation of matrix A3

for 1 in range (DOF,n):
for j in range(DOF-1):
if i-j==DOF :
A[1][3)=-(k[J]+k[j+1])/m[1i-DOF]
A[(n-1)][(DOF-1)]=-k[(DOF-1)]/m[DOF-1]

p=DOF

g=1

for 1 in range (DOF-1):
A[p1[al=k[q]/m[p-DOF]
p=p+l
g=g+1

p=DOF+1

q=0

for j in range (DOF-1):
Alpllgl=k[g+1]/m[p-DOF]
p=p+1
g=q+1

" Calculation of matrix A4"""

for i in range (DOF,n-1):
for j in range(DOF,n-1):
if i==j :
A[i][j]l=-(c[j-DOF]+c[j+1-DOF])/m[1i-DOF]
A[n-1][n-1]=-c[DOF-1]/m[DOF-1]

p=DOF

g=DOF+1.8

for i in range (DOF-1):
A[p1[q]=c[g-DOF]/m[p-DOF]
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for j in range (DOF-1):
Alp]lal=c[q-DOF+1]/m[p-DOF]
p=p+1
g=g+1

x=zeros(n)
z=zeros(n)
state=zeros(n)
def integ(state,t):
"""unpack the state vector"""
for i in range(n):
z[i]=state[i]

"""compute state derivatives"™"
p=zeros(n)
for 1 in range(n):
for j in range(n):
x[1]=A[1]1[7]*z[]]
plil=pli]+x[i]

x[1] =p[i]

for 1 in range(n):
x[i]=x[1i]+B[i][&]
return the state derivatives
v=zeros(n)
for 1 in range(n):

v[i]=x[1i]
return v

initial condition

stated = zeros(n)
t = arange(8.8, 18.8, 8.82)

state = odeint(integ, stated, t)

ploting the response of last element

plt.plot(t,state[:,(DOF-1)],
‘red’,
linestyle=":",
linewidth=1,
label="odeint "}
legend = plt.legend(loc="upper right', shadow=True, fontsize="medium’)

xlabel('TIME (sec)")
ylabel( 'Response(x) ")
title( 'DOF=2")
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APPENDIX C

DT-TMM n Degree of Freedom

Created on Tue Mar 81 12:11:48 2816

@author: Vahid Aliradehyazdi

from scipy import *
import control
import numpy

mummnmmnanmmnaRheoras of FreedomtTtURTUTUeeAnaasnaa
OF=15

mnomw

Method @ = Wilson Theat

Method 1 = Fox-Euler

Method 2 = Newmark Beta Method
Method 3 = Houbolt

Method 4 = Park Stif'F]}l'" mmmm
Method=2

"""Jsd: transfer matrix of spring / damper
Um: Transfer matrix of mass
I¥: Transfer matrix of applied force

94

USHS: Tr‘anS‘FEF‘ ITI-a‘tr‘i)( D'F thE sy.stem T WU BTN 00 BN TN O BTN BTN 0 B0OTE NN BOPE NV ED PN 00 TE 00 BT OO0 BN

Usd=numpy.zeros((3,3))
Um=numpy .zeros{(3,3))
HF=numpy.zeros((3,3))
Usys=numpy.zeros(({3,3))

TN N0 TN U BROTH U0 BN BTN U BTN U W OTHOND TN S TN U0 BT 00 TN 00 TN BOPE 0N BT N TN ORI W

beta = 1.8 / 4.8
gamma = B.5
theta=1.4
m=array([18.8,%

@ DL DL @D &S O DD D
-
P i i i

LA = N R WY o Wy R B s R s Y

— =

k=array([55008.8,%
50000.8, \
45080.8, \
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40008.0, \
46000.8, \
359@0.8, \
38000.8, \
25088.8, \
28000.8, \
150@0.8, \
18000.8, \
5000.8, \
2000.8, \
7800.8, \
Geea.a8, \
1)

c=array([@.8,\
8.8, \
2.8, \
8.9, \
8.8, \
8.8, \
2.8, \
8.9, \
2.8, \
8.8, \
2.8, \
2.9, \
2.8, \
8.8, \
2.8, \
1)

f=array([@.8,%
2.8, %\
2.8, \
8.9, \
8.8, \
8.8, \
2.8, \
2.9, \
2.8, \
8.8, \
2.8, \
2.9, \
2.8, \
8.8, \
1.8, \
1)

T=08.8

dt=8.82

t = arange(@.8,T, dt)

M = lenit)

TN TN 0 TN TN BN BORN BTN 0 BTN OPU B0 TN 0 B TH U0 BOTE 00 TN B TR R0 BT 0D BTN OO0 ETN BT 00PN TN T

A=zeros(DOF+1)
B=zeros(DOF+1)
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E=zeros(DOF+1)
D=zeros(DOF+1)
w=numpy.zeros( (DOF,N))
wdot=numpy.zeros({ (DOF,N))
wddot=numpy.zeros{ (DOF,N))

THTU TN N ETH U0 BN BTN 0 BTN OT0 ST 0D B0 W TN U0 BTE U0 PN 0 W SRR U0 BT N BTN N BTN BT 0 TN T

h=np.zeros{ (DOF,3,3))
for p in range(1,N):
Usys_Total=np.eye(3)
if Method==8:
for n in rangs(DOF):
A[n+1] = 6.8/ (theta*dt)**2
B[n+1] = -6.8/(theta*dt)**2 * (x[n][p-1] + theta*dt*xdot[n][p-1]
+ ((theta*dt)**2) /3.8 * xddot[n][p-11 )
E[n+1] = -3.8/(theta*dt) * (x[n][p-1] + 2*theta*dt/3.8 * xdot[n][p-1]
+ ((theta*dt)**2) /6.8 * xddot[n][p-1] )
D[n+1] = 3.8/(theta*dt)

if Method==1:
for n in rangs(DOF):
A[n+1] = 2.8/ (dt**2)
B[n+l] = -2.8/(dt**2)*(x[n][p-1] + dt*xdot[n][p-1])
E[n+1l] = -(2.@8/dt*x[n][p-1] + =xdot[n][p-11)
D[n+1] = 2.8/dt

if Method==2:
for n in rangs(DOF):
A[n+1] = 1.8/(beta*dt**2)
B[n+1] = -1.8/(beta*dt**2)*(x[n][p-1] + dt*xdot[n][p-1]
+ (@.5-beta)*dt**2*yddot[n][p-11)
E[n+l] = =xdot[n][p-1] + dt*{(1.@-gamma)*xddot[n][p-1]+gamma*B[n+1])
D[n+1] = gamma/(beta*dt)
if Method==3:
for n in rangs(DOF):
if p==1:
Aln+1l] = 6.8/(dt**2)
B[n+1] = -2.8/(dt**2)*(3*x[n][p-1]+3*dt*xdot[n][p-11+
dt**2*xddot[n][p-1])
E[n+l] = -1.8/(2%dt)*(6*x[n][p-1]+4*dt*xdot[n][p-1]+
dt**2*xddot[n][p-11)
D[n+1] = 3.8/dt

elif p==2:
Aln+l] = 2.@/(dt=*2)
B[n+l] = -1.8/(dt**2)*(d=x[n][p-1]-2*x[n][p-2]+2*dt**2*xddot[n][p-2]1)
E[n+l] = -1.8/(6*dt)*(16*x[n][p-1]-5*x[n][p-2]+dt**2*xddot[n][p-2])
D[n+l] = 11.8/(6*dt)

else:
Aln+l] = 2.8/ (dt**2)
Bln+l] = -l.@/(dt**2)*(5*x[n][p-1]1-4*x[n][p-21+x[n][p-31)
E[n+l] = -1.8/(6*dt)*(18%¥x[n][p-1]1-9*x[n][p-2]+2*x[n][p-3]1)
D[n+l] = 11.8/(6*dt)

if Method==4:
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for n in rangs(DOF):

if pg=2:
A[n+1] = 2.8/(dt**2)
B[n+1] = -2.@/(dt**2)*(x[n][p-1] + dt*xdot[n][p-1]1)
E[n+l] = -(2.8/dt*x[n][p-1] + =xdot[n][p-1])
Dim+l] = 2.@/dt
glse:
A[n+1] = 180.8/(36%dt+*2)
B[n+l] = 1.8/(36%dt**2) * (-1508.8 * x[n][p-1] + 68.8 * x[n][p-2]
- 18.@ * x[n][p-3]1) + 1.e8/(6*dt) * (-15.8 * xdot[n][p-1] + 6.0 * xdot[

- wdot[m][p-3])
E[n+1] = 1.8/(6*dt) * (-15.8 * x[n][p-1] + 6.8 * x[n][p-2] - x[nl[p-31)
D[n+1] = 10.8/(6*dt)

for n in range(DOF):
for 1 in rangs(3):
for j in range(3):
if i==7j:
Um[i][j]=1
Um[1I[@]=m[n]*A[n+1]
Um[1I[2]=m[n]*B[n+1]

for 1 in rangeil,3):
for j in range(l,3):
if i==7:

Usd[i][j]=1
Usd[e][el={(k[n]+c[n]*D[n])/(k[n]+c[n]*D[n+1]))
Usd[@][1]=(1.8/(k[n]+c[n]*D[n+1]))
Usd[@][2]=-c[n]*{E[n+1]-E[n]}/(k[n]+c[n]*D[n+1])

for i in rangs({3):
for j in range(3):
if i==7 :
Uf[ij[jl=1.e
UF[11[2]=-F[n]

v=dot (U, Um)

Usys=dot(v,Usd)

Usys_Total= dot(Usys,Usys_Total)
h[n]=Usys_Total

if n==D0OF-1:
Fbase= - (h[n][11[21)/(h[nI[11[1])

for n in range(DOF):
=x[n]lp] = {(h[n][@][1]1*Fbase) + h[n][@][2]
xdot[n][p] = D[n+11*x[n][p]l+E[n+1]
xddot[n][pl=A[n+1]1*=x[n][p]+B[n=1]

plt.plot(t,x[ DOF-1 , : 1,
‘orange”,
linestyle="-",
linewidth=@.5,
label="Beta=1/4")
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legend = plt.legend(loc="upper right', shadow=True, fontsize='medium')
plt.xlabel( 'x")

plt.ylabel( ' time")

show()
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APPENDIX D

DT-TMM n Degree of Freedom Based on the Acceleration

Created on Fri Mar 11 11:67:18 2816

@author: valizad

mmm

from scipy import *
import control
import numpy

TN T ETE R HDEEFE‘E oF Fresdom™ ™™™ m s momn s mn s mn s mmnn
DOF=15

mnnw

Method @ = Wilson Theat

Method 1 = Fox-Euler
Method 2 = Newmark Beta Method""®""
Method=8

mwmrrysd: transfer matrix of spring / damper
Um: Transfer matrix of mass
: Transfer matrix of applied force
Usys: Transfer matrix of the system 1L UL IR L LR IR AL LR ELL S v e
Usd=numpy.zeros((3,3))
Um=numpy .zeros({(3,3))
UF=numpy.zeros((3,3))
Usys=numpy.zeros((3,3))

mommmmm e n et powmark Beta methygg e o s mww n wn
beta = 1.8 / 8.8

gamma = 8.5

theta=1.83

m=array([18.8,"

DD nohohDDD O®

e S T R NV R W B B R SR v ¥
i i i

)

k=array([55088.8,%
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-
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o

35008,
30008,
25008
20008 .
15008
10008,
9800.8, \
2000.8, \

8, \

8, \

-

-

-

-

Jaaa.
6Bea.

c=array([a.8,\

ToDOrPODODODOD D
T

Ll ==~~~ I~ ==~~~ R~ = = =

f=array([@.8,%

[ = = R = - = = R N =1
&E&G&&&Fﬁ&&&ﬁ&
T

1)

TN D B TH 0 B CTE N0 B0 BTN OT0 ST NG BTN OO NN B TE U0 P 0 TN 00 W TN BT 0D BP0 BTN 0 BTN TN 0 TN NN RO 0O

T=8.8

dit=a.82

t = arange(®.8,T, dt)
N = len(t)
A=zeros(DOF+1)
B=zeros(DOF+1)
E=zeros(DOF+1)
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D=zeros (DOF+1)

¥=numpy .zeros( (DOF,N) )

wxdot=numpy.zeros( (DOF,MN))

xddot=numpy . zeros( (DOF,N})

h=np.zeros({(DOF,3,3))

for p in range(l,N):
Usys_Total=np.eye(3)

if Method==8:
for n in range(DOF):
A[n+1l] = (dt*theta)/2.@
B[n+1] ((dt*theta)s/2.8)* (xddot[n][p-1]) + =dot[n][p-1]
E[n+l] = ((({dt**theta)**2)/3.8) * (xddot[n][p-11)
+ (theta*dt * wdot[n][p-11)+x [n][p-1]
D[n+1] = ((dt**theta)**2)/6.0@

if Method==1:
for n in range(DOF):
Aln+l] = dt
B[n+1l] = =mdot[n][p-1]
E[n+1] = =x[n][p-1] + (dt * xdot[n][p-11})
D[n+1] = (dt**2}/2
if Method==2:

for n in ranges(DOF):
A[n+1l] = gamma*dt

B[n+l] = =xdot[n][p-1] + dt*({1-gamma)*xddot[n][p-1]
E[n+l] = ®x[n][p-1] + dt*xdot[n][p-1]

+ (8.5 - beta) * xddot[n][p-1] * (dt*+*2)

D[n+l] = beta*(dt**2)

for n in range(DOF):
for 1 in range(3):
for j in range(3):
if i==j:
Um[i][i]=1.8
Um[1][@]=m[n]

for 1 in range(l1,3):
for j in range(l,3):
if i==7:

Usd[i][F]1=1
Usd[@][8]=(k[n]*D[n]+c[n]*A[n])/(k[n]*D[n+1]+c[n]*A[n+1])
Usd[@][1]=(1.8/(k[n]*D[n+1]+c[n]*A[n+1]})

Usd[@8][2]=
(c[n]*(B[n]-B[n+1])+k[n]*(E[n]-E[n+11)) / (k[n]*D[n+1]+c[n]*A[n+1])

for 1 in range(3):
for j in range{3):
if i==7 :
Uf[i][j]=1.8
UF[1][2]=-F[n]
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v=dot(Uf, Um)

Usys=dot(v,Usd)

Usys_Total= dot(Usys,Usys_Total)
h[n]=Usys_Total

if n==D0OF-1:
Fbase= - (h[n][11[21)/(h[n][11[1])

for n in range(DOF):
xddot[n]lpl = (h[nl[@][1]*Fbase) + h[n]1[B]I[2]
x[n]lp] = Dln+1]*xddot[n][pI+E[n+1]
xdot[n][pl=A[n+1]*xddot[n][p]+B[n+l]

plt.plot(t,x[ DOF-1, : 1,
‘orange’,
linestyle=":",
linewidth=2,
label="Theta=1.83 (acceleration)")
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legend = plt.legend(loc="upper right', shadow=True, fontsize='small')

plt.xlabel( ="}
plt.ylabel( 'time")
show()
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